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Abstract — The stability of nonlinear systems is an
important issue of dynamic systems. The analysis
complexity for this category of systems has led to the
development of some analytical and graphical-analytical
methods.

The paper emphasizes one graphical-analytical method
of analyzing the stability of a nonlinear feedback system,
utilizing the method of harmonic linearization. We use
the concept of incremental input describing function to
characterize the nonlinearity at the input of which we
apply two harmonic signals with the same frequency but
with much different amplitudes. Through an adequate
graphical representation it is possible to appreciate the
stability or the instability of the output forced oscillation
of the system.
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1. THEORETICAL CONSIDERATIONS

Let us consider a nonlinear system with the structure
in Fig.1, containing one nonlinear element N and one
linear element L with a low-pass filter characteristic.
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Figure 1: Nonlinear feedback system.
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At the input of the system we have the harmonic
signal:

r(t) = Rsin ot (1)
Let us suppose that as a result of some perturbation at
the input of the nonlinear element, over the component
with the frequency :

x,(t) = Asin ot (2)

one supplementary component is added:

X, (t) = asin(wt + @)

3)
of the same frequency but with different amplitude and
phase.
In this way, the input of the nonlinear element
becomes the superposition of two harmonical signals:

x(t) = Asin ot + asin(wt + @) 4)
or:

x(t) = (A + acos@)sin ot + (asin @) cos wt

With the notations:

A4, = Acosgp
A, = Asing

the previous equation becomes:
x(t) = A, sinot + 4, cos wt

and, after further processing:

x(t) = X sin(at + @) 5)
where:
X=y4+4°
(6)

A
¢ =atan—=
|

Equation (5) shows that the harmonic oscillation from
the input of the nonlinear element has the same
frequency as the input harmonic signal but different
amplitude and phase, (6).

Let us consider that the amplitude of the component
X5(t) of the output signal caused by the perturbation, a,
is much smaller than the amplitude 4, a << A4, and thus
the following approximations can be made:

X =47 + 4> = (4 + acosp)? +(asing)? =

= A+acosg
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A asin
¢:atan—2:atan—¢z
4, A+acosg

~ q tan L sin @
a A
In this case, equation (5) may be written:

x(t) = (A+acosg)sin(awt +a tan%sin ) @)
We note that the signal (7) is applied to the input of the

nonlinear element and therefore the fundamental
component of the output signal of this element is:

y(t) = Y, sin(oxt +a tan%sin Q)+

. ®)
+; cos(er +atan—sin )
where:
Y, = (Ad+acosp)[Ng (4+acos )] ©)
Y, =(A+acos@)[N;(A+acosp)]  (10)
and
N(A) = Ngp(4)+ jN;(4) (1)

is the describing function of the nonlinearity of the
nonlinear element, N.

Considering %<<1 , the following approximations

can be made regarding equation (8):

sin(wt + %sin @) =sinot + %Sin @coswt (12)
because:
. a . .
sin @t cos(z sin @) = sin wt
cos wt sin(i sin @) = £ sin ¢ cos ot
A ?)= A v
and correspondingly,
a .
cos(wt +—sin @) =
4 (13)

a .
= cos wt + —sIn ¢ cos wt
A
because:

a .
cos wt cos(zsm @) = coswt

. . a . a . .
sin ot sm(z sin @) = VI sin @ sin ot

At the same time, because the nonlinear element’s
input signal contains two harmonic components, we
can use the method of determining the two-sinusoid-
input describing function (TSIDF) by power series
expansion, [1] and thus equation (8), along with (12)
and (13,) may be written in the following form:

y(t) =Y, (sinwt + 2 sin @cosat) +
4 (14)

a . .
+Y,, (cos wt — 7 sin @ sin wt)

where we have considered:
Yy =(4+acosp)(Ng(A4)+ AN'g (4))
Y, =(A+acos@)(N,;(A)+ AN'; (4))
under the condition that the describing function N(A)

is differentiable with respect to 4.
Processing equation (14) and neglecting the terms

- a .
containing powers of I greater than one, we obtain:

y(@) = () + (1) + y3 (1) (15)
where:
@)= A[NR (A)sinwt + N;(A4)cos wt]

2(0) = a[N g (Dsin(t + )]+
+ a[N, (A)cos(wt + ¢7)]

y3(t) = Aacos go[N'R (A)sin a)t] +
+ Aacos go[N’, (A4)cos a)t]
Let us consider the complex images of the nonlinear
element’s output signal components produced by the

element’s input signal’s very small amplitude
component:

Y,(4,a,0,¢) = a[NR (A)exp j(at + go)]—i—

+ a{NI (A)exp j(owt + ¢+ %)}

Y;(4,a,0,p) = Aacos go[N'R (A)exp jwt]—i—

+ Aacos q){N', (A)exp j(ot + %)}
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The complex image of the small amplitude input signal
of the nonlinear element is:

X,(a,0,p) = aexp j(ot + @)

The ratio of this complex functions is the incremental
input describing function N;(4,¢):

Yz(A,a,CO,¢7)+Y3(A,a,((],(D)

N;(4,p) = 16
l( (0) XZ(Aaa;waw) ( )
and has the form:
N;(4,0)=N(A)+AcospN'(A)exp(-jp)  (17)
Considering:
(cosp)exp(—j¢) = (cosp)(cosp — jsingp) =
= %(1 +cos2¢p — jsin2¢)
or
. 1 .
(cosp)exp(=j) = — (1+exp(=j2¢)
equation (16) becomes:
Ni (A> ¢) =
(18)

= N(A) + AN’ (A)w

The incremental input describing function is
independent of the amplitude and the frequency of the
very small amplitude signal, known as incremental
input signal.

2. ANALYSIS OF INCREMENTAL SYSTEM

Defining the incremental input describing function
allows assessing the stability of a system with the
structure of Fig.1, with known initial conditions.
Therefore it is possible to determine the stability or
instability (in particular the occurrence of the jump
resonance phenomenon) of the forced oscillation of
frequency w, perturbed by the same frequency but
very small amplitude signal, a.

The equivalent incremental structure of the system in
Fig.1 is presented in Fig.2.

L
—
-

o

Figure 2: Equivalent of incremental structure.

The characteristic equation of the equivalent system in
Fig.2 is:

1+ H(jo)N;(4,9) =0 (19)

or

1

H(jw)= —m

(20)

The inverse negative incremental describing locus is

the curve plotted by the vector ————— , similar to
N i (Aa (0)
. . . 1
the inverse negative describing locus ———.
N(4)

For a constant value of amplitude 4 and a variation of
2n  of the phase difference ¢, the trajectory of the

vector — is called stability curve and, in the
Nl' (A> ¢)
polar plane, is a circle.

This geometrical interpretation is a direct consequence
of equation (17) if we rewrite it in the following way:

Nig(4,9)+ jN; (4,9) = N(4) +

L AN'(4)
2

(1+cos2¢p)— 21)

- j—AN () sin2¢

where N,z (A), N;;(A4) denote the real and imaginary

part of the incremental input describing function.
Equation (21) yields:

Nip(4,9) = N(A)+

AN (4) (14 cos2¢)
2 (22)

AN'(4

Ny (4,0)=-

and eliminating the phase difference ¢ between the
two equations (22) we obtain:
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2
[Nm (Aw)—(N(AH%(A)H +

(23)

. 2
o= A1)

In the plane ((Ny (4 9). jN; (4,9)), equation (23)
for a constant value of the amplitude A, actually

represents the equation of a circle with the center in
AN'(A)

the point of coordinates (N(A4)+ ,0) and of
radius (AN (A)) , Fig.3.
In the plane (-1/Nyz(4,¢0),—j/N;(4,¢)), the

stability curve looks like in Fig.4.
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Figure 3: Complex representation of N;(4,p)
for N(A) real; A=1.

The stability or the instability of the forced oscillation
of frequency  according to equation (20) is
geometrically determined, depending on the position
of the transfer locus of the linear element H(jw)

relative to the curve plotted by the vector - ———,
N i (Aa (0)
for a constant value of the amplitude 4 and a 2=n
variation of the phase difference.
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Figure 4: Complex representation of -1/N;(4,¢)
for N(A) real; A=1.

3. CONCLUSIONS

We have shown the possibility of estimating the
stability of a nonlinear automatic system using a
graphical-analytical method. Considering that the
system is perturbed and thus the nonlinearity’s input
signal has two harmonic components of same
frequency but different amplitudes, we have described
the behavior of the nonlinear element using the
incremental input describing function. Solving the
characteristic equation of the equivalent incremental
system, through a graphical representation there is the
possibility to estimate the stability of the system.
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