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Abstract −−−− Helmholtz coils are used to establish a 
uniform magnetic field with the known value necessary 
for different applications from the technical field, such 
as: the calibrating of the magnetic field sensor, 
electromagnetic immunity (EMI) testing research 
regarding the magnetic field effects against human 
body. Generally the practical realization of the 
Helmholtz coils is based on the classic study of the 
magnetic field, namely the magnetic field computation 
only on the coils axis. In this paper are shown on the 
basis of the magnetic field analytical computation in 
any point of the space (3D), that there are other 
domains in which the magnetic field is uniform.  
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1. INTRODUCTION 

Both in the field of the technical applications and in 
physics and in the field of the medical apparatus 
realization it is necessary to be created uniform 
magnetic field. 
One of the variants frequent utilized is that which 
uses the Helmholtz coils. 
The system (fig. 1) is made from two thin circular 
coils, with the equal radii a , placed co-axial to the 
distance 2L opposite one another, crossed by the 
same total current I , in the same direction.  
 

Figure 1: Helmoholtz coils  

In the majority of the specialty papers [1], [3], [4] the 
study of the uniform magnetic field domains is done 
only on the Oz axis. The question is if there are 
other domains in which the magnetic field is uniform.  
Such study can be done only with the analysis 
methods (analytical or numerical) which permit a 3D 
visualization of the calculation results. 

The present paper has just such object, utilizing, for 
example the cylindrical coordinates ( ), ,r zϕ .

2. CLASSIC STUDY (1D) OF THE HELMHOLTZ 
COILS 

In a point placed on the common axis of the coils, to 
the distance z from the mediatory plane, the 
magnetic field strength (axial) is: 
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It is observed without difficulty that in the middle of 
the distance 0r = the field has an extreme point for 
any distance 2L between coils: 
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An optimum distance 2L can be chosen, which 
assures as possible a larger domain with uniform 
magnetic field. With that end in view it is set the 
condition as well as the second order differential 

2 2d dH r to be annulled in the middle of the 
distance: 

( )( ) ( )( )
2

5 52 22 2

d 3 ,
d 2
H IR L r L r
r

R L r R L r

 
 + − = −
 

+ + + − 
 

( )( ) ( )( )

( )

( )( )
( )

( )( )

2 2

2 5 52 22 2

2 22

7 72 22 2

d 3 1 1
2d

15 .
2

H IR
r

R L r R L r

L r L rIR

R L r R L r

 
 
 = + +
 

+ + + − 
 

 
 + − + +
 

+ + + − 
 

 

For 0r = the annulment condition is obtained: 
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that is 2R L= .
Noting 0 2H I R= , the field obtained in the center of a 
single coil, the following values results: 
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Therefore, in an important region the field is constant 
in practice, the region size depending on the 
uniformity degree which is required. 

3. STUDY OF THE (3D) DOMAINS WITH 
UNIFORM MAGNETIC FIELD 

For the analytical determination of the magnetic field 
generates by the Helmholtz coils in the whole space, 
it is calculated firstly the vector magnetic potential 
produced by a flat circular coil utilizing the direct 
method by means of  Biot-Savart-Laplace formula 
and then the superposition theorem is applied. 
The expressions of the vector magnetic potential 
components in a cylindrical system of coordinates 
( ), ,r zϕ , with the origin in the center of the 
Helmholtz coil and the Oz axis along the Helmholtz 
coil axis, are: 
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The magnetic flux density is calculated with the 
known relation rot B A= . It follows: 
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In the relations (4) and (5) the terms ( )K i ,

respectively ( )E i , are the complete elliptic integral 
of the first kind, respectively of the second kind. 
For the determination of the uniformity domains of 
the  magnetic field it is calculated firstly the magnetic 
flux density modulus with the relation: 

 2 2 2
r zB B B Bϕ= + + . (6) 
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Developing in Taylor series (until the terms of the 
fourth order inclusive) the magnetic flux density 
modulus in the center of the Helmholtz coil 
( ) ( ), 0,0r z = it follows: 
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The magnetic field is uniform if the terms of the 
second and the fourth order from Taylor series 
development are annulled. For example the 
annulment condition for the term in 2z is 2a L= . In 
the following table are presented the annulment 
conditions for the terms from the relation (6).  
 

Term Condition 

2r
5
2

a L=

2z 2a L=

4r 360 10 906
10

a L±
=

2 2r z 465 5 6569
10

a L±
=

4z 6 2 7a L= ±  

Table 1: Annulment conditions. 

For the effectuation of the analytical calculi which 
have led to the relations (4), (5) and (7) the MAPLE 
program for the symbolic manipulation of the 
expression have been utilized. 
The main 3D uniformity regions of the magnetic field 
function of the different annulment conditions of the 
terms from Taylor series development of the 
magnetic flux density modulus are given back in the 
figures 2..10. The values of the parameters are: 
ampere-turns of the coils 100 ANI = , the coils 
radius 20 cma = .

Figure 2: 3D variation of the magnetic flux density in 
an axial section of Helmholtz coil for 2a L= .

Figure 3: 3D variation of the magnetic flux density in 
an axial section of Helmholtz coil for 5 2a L= .

Figure 4: 3D variation of the magnetic flux density in 
an axial section of Helmholtz coil for 

360 10 906 10a L= ±  
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Figure 5: Magnetic flux density variation along 
Oz axis of Helmholtz coil in case  2a L= (for the 

different values of the coordinate )

Figure 6: Magnetic flux density variation along 
O axis of Helmholtz coil in case  2a L= (for the 

different values of the coordinate z )

Figure 7: Magnetic flux density variation along 
Oz axis of Helmholtz coil in case  5 2a L= (for the 

different values of the coordinate )

Figure 8: Magnetic flux density variation along 
O axis of Helmholtz coil in case  5 2a L= (for the 

different values of the coordinate z )

Figure 9: Magnetic flux density variation along 
Oz axis of Helmholtz coil for 360 10 906 10a L= ±  

(for the different values of the coordinate )

Figure 10: Magnetic flux density variation along 
O axis of Helmholtz coil for 360 10 906 10a L= ±  

(for the different values of the coordinate z )
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For the comparison and for the results validation the 
magnetic field is calculated also numeric, utilizing 
the analysis program of the electromagnetic field 
with finite elements FEMM4.0 (fig.11..16). 
 

Figure 11: Magnetic field spectrum in an axial section 
of Helmholtz coil in case 2a L= .

Figure 12: Magnetic field spectrum in an axial section 
of Helmholtz coil in case 5 2a L=

Figure 13: Magnetic flux density variation along 
Oz axis of Helmholtz coil in case  2a L= (for the 

different values of the coordinate )

Figure 14: Magnetic flux density variation along 
O axis of Helmholtz coil in case  2a L= (for the 

different values of the coordinate z )

Figure 15: Magnetic flux density variation along 
Oz axis of Helmholtz coil in case  5 2a L= (for the 

different values of the coordinate )

Figure 16: Figure 8: Magnetic flux density variation 
along O axis of Helmholtz coil in case  5 2a L=

(for the different values of the coordinate z )
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4. CONCLUSIONS 

The paper presents a new approach regarding the 
calculus of the uniformity regions of the magnetic 
field generated by Helmholtz coils. 
From the effectuated analysis it is observed that, 
function de imposed conditions for the annulment of 
one or another from the terms of Taylor series 
development of the magnetic flux density modulus, 
new regions of uniform magnetic field appear, in 
comparison with the region made evident by the 
classic study. The localization of these new regions 
with the uniform magnetic field can be useful in 
many applications from the physics and technique, 
for example the electromagnetic lens designing. 
It has to be specified that this study can be done only 
analytical, the numerical methods being used only for 
the validation of the obtained results.  
The complex analytical calculi from this study have 
been effectuated using the facilities offered by the 
symbolic manipulator MAPLE. In addition this 
program offers the possibility for the effectuation of 
the accurate numerical calculi and contains a series of 
function with which can be realized suggestive 
graphical representations  1D, 2D and 3D (variation 
curves, field spectra, equipotential surfaces, etc.) 
The study will be continued by the utilization of a 
classic nonlinear optimization program or with 
genetic algorithms what permits the determination of 
the geometrical conditions necessary for the 
obtaining of the largest regions with the uniform 
magnetic field. 
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