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Abstract - The rotor parameters of the squirrel cage induc-
tion machine, resistance and leakage inductance, depend 
upon the frequency of the rotor circuit, mostly due to the 
skin effect. For low values of the rotor frequency (less than 
10 - 15 Hz), corresponding to the quasi-linear branch of the 
torque-speed curve between synchronous speed and the 
critical one, the skin effect is quite insignificant. However, 
for higher frequencies (e.g. 50Hz and/or 60Hz, at starting), 
this variation of the parameters cannot be neglected. In this 
paper, the analytic relationships developed for expressing 
the rotor resistance and leakage inductance as functions of 
slip/frequency, directly result from the skin effect theory. 
The induction motor model based upon Park-Blondel equa-
tions have been used to analyze its dynamic (transient) be-
havior. Park-Blondel equations are nonlinear, because of 
their intrinsic structure, the rotor parameters variation with 
the frequency, saturation of the magnetic core, and the de-
pendency of the load torque with respect to the rotor angu-
lar frequency. For solving the induction motor system of 
equations, the authors used MATLAB software package due 
to its enhanced capabilities in terms of integrating ordinary 
differential equations.  When analyzing the induction motor 
operating at steady state, we used the well-known 
(Steinmetz) per-phase equivalent circuit. Although, the 
magnetizing inductance is considered as the current-
controlled nonlinear inductor while the rotor resistor as a 
time-variable resistor. For steady-state analysis, both 
ENCAP (Electrical Nonlinear Circuit Analysis) and SPICE 
software packages have been used in order to be able to 
assess the results.  In both cases, the induction motor model 
is derived from modified nodal equations. This gives the 
possibility to apply Fourier analysis for all current and volt-
age waveforms and compute any high order harmonics. 
Following the computing of harmonic content, we assessed 
the steady state characteristics (power factor, efficiency, 
etc.) of the induction motor, while the equivalent circuit 
parameters determined through calculations closely match 
the parameter values obtained from the catalogue data. 

Keywords - induction motor, state equations, transient behav-
ior, deep rotor bars, saturation phenomena, stead-steady behav-
ior, skin effect 

I. INTRODUCTION

In many studies regarding the estimation the induction 
machine parameters, the authors included the skin effect 
and the saturation of the magnetic circuit [1-9, 12-14]. 
When considering applications of electric AC drives using 
three-phase induction motors with deep bars in the rotor 
circuit, both mathematical model of the induction motor 

and the overall control strategy have been modified in 
order to maximize the performance [6]. Most of the vector 
drives use to rotor flux control due to the simplicity of the 
mathematical model which demands less “real-time” 
computation. 

However, for the motor with deep rotor bars, the rotor 
flux significantly varies inside the rotor magnetic core, so 
cannot be precisely defined. As a result, the drive control 
using the air gap flux appears as an attractive alternative. 
However, when using the pseudo rotor flux, one can 
achieve similar performances to the rotor flux orientation 
case, when considering the equivalent rotor parameters. 
The squirrel cage with deep rotor bars can be made 
equivalent with a two rotor cages, one of these described 
by constant parameters [8].  

The induction motor with deep bars is described by a 
mathematical model which includes the skin effect upon 
the rotor parameters and the saturation of the magnetic 
circuit as well and enables the simulation of various oper-
ating modes. The frequency of the stator winding is con-
stant and equal to the power supply frequency, resulting 
constant stator parameters. The rotor parameters are as-
sumed constant, independent of the rotor current fre-
quency when this one has low values (0 to 10…15 Hz, the 
latter one usually being associated with the critical 
slip/speed). However, for higher values of the rotor cur-
rent frequency, the rotor resistance and leakage inductance 
depend upon the frequency (slip) through relationships 
developed from the skin effect theory. 

In addition to the skin effect, the saturation of the mag-
netic circuit comes into effect when the magnetizing in-
ductivity Lm varies. In Fig. 1, Lm appears variable in time. 
In fact, this curve explains the magnetic circuit saturation 
effect during the start-up process, when the induction mo-
tor has deep bars. In order to approach real starting condi-
tion, a load torque Mr, variable with the speed was pro-
posed in Fig. 2.  

The induction motor analysis for steady-state analysis 
purpose requires the state equations referred to the “d, q,
0” system of coordinates, in which the time derivatives are 
made equal to zero, excepting the mechanical equation. 
Once integrated over a long time span, the mechanical 
equation can deliver the steady state value of rotor me-
chanical speed and consequently, the stator and rotor cur-
rents, electromagnetic torque, etc. 

Other methods for obtaining the steady state character-
istics are based upon the solving of the induction motor 
equivalent circuit (see Fig. 3) or by applying the state 
equations  and / or  the  modified  nodal  equations. 

11

Annals of the University of Craiova, Electrical Engineering series, No. 37, 2013; ISSN 1842-4805_____________________________________________________________



0 5 10 15 20 25
0.028

0.0281

0.0282

0.0283

0.0284

0.0285

0.0286

0.0287

Time [s]

M
ag

ne
tiz

at
io

n 
in

du
ct

iv
ity

 L
m

 b
-c

ub
ic

, 
r-
lin

ea
r 
k-

sp
lin

e 
[H

]

cubic 
linear 

spline 

Fig. 1. The magnetization inductivity variation versus time. 
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Fig. 2.  The load torque variation versus rotor angular frequency. 

Fig. 3. Induction motor equivalent circuit. 

The latter one (called the brute force) involves a number 
of iterations until the steady state solutions is obtained, 
through a process which must satisfy an imposed conver-
gence criterion [10, 11, 14]. 

The first major outcome of this paper was to analyze 
the deep bars induction motor steady state behavior and 
characteristics for non-saturated magnetic circuit versus 
the situation when we assumed the magnetic circuit satu-
rated (see the  equivalent circuit of the induction motor 
shown in Fig. 3). When the magnetic circuit saturation 
was included, the magnetization inductor L6 = Lm was 
modeled as a current-controlled nonlinear inductor with its 
magnetic flux depending upon the magnetizing current 

miˆ . However, in this paper, the steady state study 
follows the transient study as particular regime. 

The second major outcome of this paper was to analyze 
the transient behavior of the deep bars induction motor, 

using the state equations and/or the modified nodal equa-
tions in the time domain (the semi-state equations), based 
on the brute force method. For transient purposes, the ro-
tor resistor R’r/a (a – being the slip) was modeled as a 
time-variable (parametric) function, in which the slip was 
calculated at each time step. 

The simulations were performed by using the SPICE 
and/or the ENCAP – Electrical Nonlinear Circuit Analysis 
software packages [10, 11]. When using these packages, 
the deep bars induction motor model was constructed in 
terms of the modified nodal equations, being very appro-
priate for the Fourier analysis for all current and voltage 
waveforms. In this way we could compute any high order 
voltage/current harmonics, following the determination of 
the time dependency of such quantities. The volt-
age/current harmonic calculation represents the input to-
wards the deep bars induction motor performances as-
sessment (e.g. more harmonic content means less effi-
ciency, poor power factor, etc.). 

In addition to the performances, some adjacent effects 
like the electromagnetic forces and the parasitic torques 
can be analytically approximated from voltage/current 
harmonics [15]. 

II. SIMULATION OF THE INDUCTION MOTOR FOR 
TRANSIENT CONDITIONS

The induction motor transient analysis was performed 
starting with the dynamic state equations expressed in the 
d, q, 0 reference frame and the rotor quantities referred to 
the stator [7]: 
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where: sd  - is the stator magnetic flux axis in the direc-
tion of “d-axis”, sq  - represents the stator magnetic flux 

in the direction of “q-axis” (quadrature), '
rd  - is the rotor 

magnetic flux along the “d-axis”, '
rq  - represents the 
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rotor magnetic flux with respect to the “q-axis”,  – is the 
rotor angular frequency ( p , p – number of the pole 
pairs and  is the mechanical angular speed), 

1r  - is the rotor current angular frequency, 1
- represents the stator angular frequency and  - is the 
electric angle which gives the rotor position in respect of 
the stator (see Fig. 4, is the angle between the FS axis 
and FR axis). In the majority of the models FS designates 
the magnetic axis of stator “phase A” winding while the 
FR stays for the rotor “phase a” winding. 

The state vector has the following expression: 

t'' ,,,,, rqrdsqsdx . (2) 

The stator and the rotor magnetic fluxes can be ex-
presses as functions of the currents and inductances as 
following: 
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In the relations (1) – (4) have been used the: 

12Uusd ; usq = 0.0; sR – is the stator resistance; '
rR  – 

represents the rotor resistance referred to the stator; Ls – is 
the cyclical stator inductance, defined as the sum of the 
stator leakage inductance sL and the useful cyclical sta-

tor inductance L11; '
rL – represents the cyclical rotor in-

ductance, defined as the sum between the rotor leakage 
inductance '

rL and the useful cyclical inductance '
22L  - 

all of the rotor inductances are referred to the stator; Lm – 
is the cyclical mutual inductivity between the stator and 
the rotor, given by the relationship Lm = 3Mm/2, in which 
Mm is the maximum value of the mutual inductivity, 
measured between one stator phase winding and one rotor 
phase winding having the same direction; 1  - represents 
the stator angular frequency;  - is the mechanical angu-
lar frequency (at the motor shaft); p/11  - represents 
the angular speed of the revolving electromagnetic field 
with respect of the stator (synchronous speed); p/
- is the mechanical angular speed of the rotor; p – the 
number of the pole pairs; J – the rotor moment of inertia 
and Mr – is the load torque. The non-dimensional “leakage 
coefficient”  has the expression: 
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Fig. 4. Structure of the reference systems. 

The electromagnetic torque can be calculated starting 
from the definition and using (4): 
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The stator and rotor phase currents iA, iB, iC respectively 
''' ,, cba iii can by expressed, as function of the d, q, 0 stator 

and rotor currents following a transformation of coordi-
nates [7]: 
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     Assuming the induction motor with identical phase 
windings characteristics, operating under balanced condi-
tions, the stator and the rotor zero-sequence currents will 
not be present 00si , respectively 00ri .

The skin effect analysis shows that the rotor resistance 
'
rR  referred at the stator increases with r  , while the 
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leakage inductance '
rL  decreases with r , where r

is the rotor angular frequency. Therefore, the rotor pa-
rameters referred to the stator can be expressed as follow-
ing [7]: 
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The constants k1, k2, k3 and k4 are determined from the 
continuity condition at the point r = rx ( rx represents 
the value of the angular frequency associated with the 
critical slip), while the values of the electrical parameters 
for the squirrel cage at starting point (slip value a = 1), can 
be extracted from the available catalogue data for an in-
duction motor.  

Typically for the range rxr , the rotor parameters 
are considered constant, while for rxr the rotor pa-
rameters vary with the rotor angular frequency r accord-
ing to relations (9). These are valid for a wide range of 
frequencies from rotor circuit. 

As example, we consider an induction motor for desig-
nated for traction purposes (MABT-2). This induction 
motor has the following ratings: 

Pn = 100 kW; Un = 560 V; Ufn = 323.32 V; Ifn = In = 130 
A;  n1 = 1200 rpm, n = 1168.8 rpm - n1 (n) is the synchro-
nous revolving speed; Zb  = Zn = Ufn/Ifn = 2.48  ; fn = f1 = 
60 Hz; p = 3; Rs = 0.053 ; '

rR =0.0657  ; Ls = 1.034 

mH; '
rL  = 0.955 mH ; Lm =28.1 mH; %897.0 ;

87.0cos 1n ; J = 3.38 kgm2 or  J = 60.0 kgm2;

4
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windings have a Y-connection.  
With the values from above, the next quantities are cal-

culated: Mn = 817 Nm; Mp = 898.7 Nm; Ip = 520 A; Sn =
128094.8 VA; an = 0.026; P1n = Sn•cos 1n = 111442.5 W. 

From [7], if rx = 81 rad/s, when introducing the data 
from above in the relationships (9), the numerical values 
for the rotor electrical parameters referred to the stator can 
be described as: 
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A complete procedure for determining the transient be-
havior at starting of the squirrel cage induction motor with 
deep bars consists of the following steps: 

• In the dynamic state equations (1), the rotor electrical 
parameters are introduced using the relationships (10), 
which in fact consider the skin effect. 

• The influence of the magnetic circuit saturation is re-
vealed by the dependency of the magnetic inductance with 
the time given in Fig. 1. 

The load torque encountered by the induction motor at 
the shaft has a time dependency given in Fig. 2. 

Following the application of some ordinary integration 
routines (available in MATLAB programming environ-
ment) to solve the equations (1), we’ve obtained the re-
sults summarized in Fig. 5 – 18. 
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Fig. 5. The stator and rotor magnetic fluxes in the d, q, 0 reference 
frame as functions of time. 
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Fig. 6. The stator and rotor currents in the d, q, 0 reference frame as 
functions of time. 
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Fig. 7.  The stator currents as functions of time. 
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Fig. 8.  The rotor currents as functions of time. 
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Fig. 9. The revolving speed at the shaft as function of time. 

0 5 10 15 20 25
-2000

-1000

0

1000

2000

3000

4000

X: 7.694
Y: 2614

Time [s]

E
le

ct
ro

m
ag

ne
tic

 t
or

qu
e 

m
 [
N
m

]

Fig. 10.  The electromagnetic torque vs. time. 
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Fig. 12.  The slip s = a as function of time Mechanical characteristic: the 
rotor speed as function of the electromagnetic (developed) torque. 

0 5 10 15 20 25
0.0285

0.0286

0.0287

0.0288

0.0289

0.029

0.0291

X: 7.44
Y: 0.02906

Time [s]

R
ot

or
 in

du
ct

an
ce

 L
r 
[H

]

Fig. 13.  The rotor inductance vs. time. 
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Fig. 14.  The rotor inductance vs. rotor angular frequency. 
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Fig. 15.  The rotor resistance vs. time. 
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Fig. 16.  The rotor resistance vs. angular frequency of the rotor circuit. 
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Fig. 17.  The magnetization inductivity (inductance) vs. time. 
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Fig. 18.  The magnetization inductivity vs. rotor circuit frequency. 

The synchronous reference frame is the most appropri-
ate for the description of the current transients. In the first 
few cycles, for constant values of the rotor parameters, the 
rotor angular speed is low. For these conditions, only the 
transformer action of the induction machine will contrib-
ute in terms of the back EMF et, while the back EMF 
component due to the motion em is negligible. The zero-
crossing of et is associated with the maximum values of 
the magnetic flux of the phase the et was accounted for 
(the mathematical linkage between et and the magnetic 
flux is given by the Faraday-Lenz law [7]). The phase 
voltage has a relatively low value at this moment. How-
ever, due to the lack of back EMF, the phase impedance 
which limits the current consists of a series circuit of the 
winding resistance and leakage reactance. This explains 
why the starting current can reach several times the value 
of the nominal current. In a phase winding, the current 
value at the first instant of the starting process, strongly 

depends upon the instantaneous value of the applied volt-
age in that particular phase. The closer to zero the trans-
formation back EMF et is at the first instant, the higher the 
phase current is recorded for that phase. 

Once the starting process being initiated, the induction 
motor accelerates the revolving speed at the shaft in-
creases and the motion back EMF component em increases 
as well, limiting the value of the current. The transforma-
tion back EMF et becomes way less significant, while the 
motor approaches the steady state. When considering the 
rotor parameters depending upon the angular frequency of 
the rotor circuit, we recorder a longer starting process, 
followed by a steady state operation highlighted by the 
sinusoidal stator current waveforms of at the nominal fre-
quency (see Fig. 8). For a given value of the applied volt-
age, the magnitude of the stator winding currents (and of 
the rotor currents as well!) depends upon the load torque 
and the presence of the motion back EMF. The revolving 
magnetic field originated by the stator winding, will in-
duce back EMF in the short circuited rotor windings. Con-
sequently, the currents which will be established in the 
rotor windings will oppose to the variation of the stator 
currents (Lenz’s law). This explains the fact that the abso-
lute value of the magnetizing current is always less than 
each of the stator and/or rotor currents absolute values. 
When operating in steady state conditions, the magnitude 
of the stator current is directly related to the shaft torque. 
If the torque demand decreases, the input current de-
creases and so does the voltage drop across the stator 
winding impedance. If the applied voltage is rigorously 
constant, the magnetizing current value will slightly in-
crease due to higher voltage at the terminals of the branch 
containing the magnetizing impedance (see Fig. 3 for the 
equivalent circuit configuration). The rotor current varia-
tion is following the shaft torque variation with a delay 
conditioned by the value of the rotor circuit time constant. 

In our application, initially the induction motor operates 
at steady state, with a well determined slip value.  When 
the load demand decreases, the revolving speed of the 
rotor increases surpassing the value where the developed 
torque equals the load torque. The motor slip significantly 
decays following a complex time function. The currents 
are described by periodical functions of a certain fre-
quency, which has a lower value than the frequency corre-
sponding to the new torque “equilibrium” point. In our 
application, this part of the transient process is occurring 
when t  (6.167; 8.4). Following this slice of overall tran-
sient process, a new stable operating point is established 
for lower slip value due to the lower torque demand (see 
Figs. 7, 8 and 10).  

In fig. 10 we observe a time variation of the electro-
magnetic torque which is quite characteristic for the start-
ing process, yet longer due to the variable rotor parame-
ters. When analyzing the speed-torque characteristic for 
the induction machine with frequency dependent rotor 
parameters (the skin effect was included), one can figure 
out that the starting torque is larger than the rated: the in-
duction motor can successfully start under rated torque 
conditions. For the electromagnetic torque – time curve 
from fig. 10, we assumed that the rotor parameters depend 
upon the frequency of the rotor currents. There are two 
separate branches on the electromagnetic torque – time 
curve:

Zone 1 where the rotor parameters are variable, the 
torque slip dependency is not covered by Kloss relation-
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ship and the starting torque comes with a much higher 
value in comparison with the constant rotor parameters 
case;

Zone 2 where the rotor parameters are constant, includ-
ing the breakdown (maximum) torque value; 

However, for the deep bar squirrel cage induction mo-
tor, the maximum torque has a lower value comparing to 
other induction motor types: this fact is motivated by a 
larger value of the rotor leakage reactance. 

III. SIMULATION OF THE INDUCTION MOTOR OPERATING   
IN STATE-STEADY CONDITIONS

Let’s consider the  (Steinmetz) equivalent circuit of 
the induction motor shown in Fig. 3, which contains a 
current-controlled (c.c.) nonlinear inductor L6 with the 
nonlinear characteristic )(ˆ 666 iLL  and a time-

variable resistor tf
a

R
R r'

5  , a being the slip. 

The state equations in symbolic–normal form have been 
expressed as: 
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  (11) 

with the differential inductance 
6

6
66 i
iL L

di  . 

To integrate the state equations (11) we can use any in-
tegration routine available with MATLAB software pack-
age. The modified nodal equations, corresponding to the 
implicit integration Euler algorithm are: 
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where the independent variable vector, at the time moment 
tj+1 = tj+h and at the (k+1)th, iteration has the following 
structure:
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The magnetization characteristic 666 ˆ iLL , at the 
time moment tj+1 = tj+h and at the (k+1)th iteration, is 
piecewise linear approximated by the relation: 

k
jL

k
j

k
jdi

k
jL sisL 16

1
1,616

1
1,6  (14) 

In the relation (14) k
js 1  is the segment at the time 

moment tj+1 = tj+h and at the (k)th iteration. 
Both programs SPICE and ENCAP are based upon the 

modified nodal equations (12), but while SPICE uses the 
trapezoidal integration algorithm, ENCAP uses the im-
plicit integration Euler algorithm. 

To solve the nonlinear algebraic equations at each time 
step, both programs use the Newton-Raphson algorithm, 
[1-7]. 

IV. RESULTS OBTAINED BY SIMULATIONS

The magnetization nonlinear characteristic 
666 ˆ iLL  was derived from points determined ex-

perimentally (Fig. 19). 
The characteristic of the time-variable resistor R5 is 

also given by points as function of time. When running the 
simulation using the ENCAP program, the authors ob-
tained the results shown in Fig. 19 – 25. 
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Fig. 19. Magnetization nonlinear characteristic 666 ˆ iLL .
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nonlinear case 
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Fig. 21. Stator current magnitude IsA vs. frequency. 
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   Fig. 22.  Rotor current ira vs time, magenta – linear case, blue – 
nonlinear case. 
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Fig. 23.  Rotor current magnitude Ira vs. frequency. 
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Fig. 24. Magnetization current iLm vs time. 
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Fig. 25.  Magnetization current magnitude ILm vs. frequency. 

The time variation of the stator current isA, for the 
nonlinear (saturated) magnetic circuit, shows a very close 
shape to the one obtained when the magnetic circuit is 
linear (non-saturated). This coincidence relies on the very 
small variations of the magnetization inductance in com-
parison to the variations of the rotor parameters from the 
equivalent circuit (Fig. 19). 

The high order harmonic magnitudes of the stator cur-
rent are relatively small comparing to the fundamental 
magnitude (Fig. 21), because the waveform of the stator 
current is approximately sinusoidal. Consequently the 
Joule losses produced by these harmonics are small (less 
than 1% than those produced by the fundamental).The 
same remarks can be made about the rotor current ira (Fig. 
22 and 23).  

The magnetization current iLm (Fig. 24) displays a 
strong distortion, due to the strong saturation assumed in 
this study and the current magnitude is about double com-
paring with the linear case. Therefore the high order har-
monic magnitudes are important.  
     The voltage across the inductor vLs, being proportional 
to the derivative of the current isA,

t
iLv sA

sLs d
d , is more 

distorted than the current. The weight of the third order 
harmonic of isA and of vLs with respect to the fundamental 
is:

%,11100
175

34.19
sAi

respectively

%..
Lsv 5833100

70
5123 .

V. CONCLUSIONS

This paper presents a method of assembling a mathe-
matical model for squirrel cage induction machine with 
deep rotor bars considering the influence of skin effect on 
the electrical parameters of the rotor. The model devel-
oped here gives the possibility to perform studies regard-
ing the steady state and dynamic behavior of the induction 
motor with deep bars in the rotor and to assess its per-
formances. 

The frequency of stator currents is considered constant, 
equal to the network frequency.  

In fact, even the rotor parameters are considered con-
stant, independent of the rotor frequency, in conditions of 
low rotor frequency values (0 and 10...15) Hz. For higher 
rotor frequencies the authors proposed for the rotor resis-
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tance and the rotor leakage inductance analytic expres-
sions of angular rotor frequency, resulting from the skin 
effect theory. For the dynamic (transient) behavior analy-
sis purposes we’ve used a state model derived from the 
Park-Blundell equations. These equations have a nonlinear 
form due to: their structure, frequency variation of the 
rotor parameters, saturation phenomena, and the variation 
of the load torque with respect to the rotor angular fre-
quency. The integration of these equations is performed 
with the help of the integration routines developed for 
ordinary differential equations and available in MATLAB 
programming environment. The steady state behavior 
analysis of the deep bars induction motor requires the use 
of the  (Steinmetz) equivalent scheme of the induction 
motor, where the magnetization inductance is considered 
as the current-controlled nonlinear inductor and the rotor 
resistance as a time-variable resistor. The simulations 
were done by ENCAP – Electrical Nonlinear Circuit 
Analysis, and, for the reason of results comparison by the 
SPICE program.  Both of these programs are based upon 
the modified nodal equations and they allow the Fourier 
analysis for all current and voltage waveforms. In this way 
we can compute the magnitude of each, arbitrarily chosen 
harmonic from the voltage/current waveform. Analyzing 
the obtained results we conclude that due the high order 
harmonic in the current waveforms the losses increase 
worsening the induction motor performances (as: the effi-
ciency, power factor etc). When comparing the nominal 
values obtained through simulations with the catalog data, 
we found out a very good agreement. 
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