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Abstract - This study aimed at establishing the mathematical 
model for determining the dynamic regime torque and at 
emphasizing constructive aspects which influence its 
magnitude and variation. Brushless direct current motors are 
very present and there have been carried out researches 
regarding their design and optimum construction. The 
technology evolution in several areas has caused an increase 
in production of permanent-magnet BLDC motors, which 
has good technical-economic performances for a large range 
of controlled-speed applications. The study carried out, by 
the simulations we presented, shows that these motors have 
high torque oscillations in a complete rotation. There are 
identified the slots which create high torques, respectively 
low torques, in a complete rotation, thus justifying the 
oscillations. In this paper there is emphasized that the 
optimum variant of maximum torque involves a supply by 
six pulses per period in direct direction, also indicating the 
value of the control angle. The most unfavourable variant 
occurs at brushless direct current motor supplied by three 
pulses per period and reverse succession of phases, where 
the average value of the torque decreases by 56.7% over the 
optimum machine. A complete elimination of oscillations in 
this type of motor is not possible, but an optimal design can 
reduce them considerably. 

Keywords: brushless direct current motor, design, simulation, 
optimization. 

I. INTRODUCTION 
Classical direct current motors are replaced by 

brushless direct current motors in several applications due 
to low energy consumption, their high reliability and low 
maintenance. The main advantage of this motor is high 
specific power obtained by means of rare-earth permanent 
magnets, so a much decreased weight [1-5].  

The possibility to replace the assembly comutator-
brushes of direct current motor by a contactless 
commutation device emphasized the advantages of this 
machine [6-10]. 

For electrical devices and installations supplied by 
local energy sources, it is advisable to use permanent-
magnet direct current fractional-horsepower motors 
which have a low weight per unit of power, high 
efficiency, linear mechanical characteristic, very high 
rotating speeds; they are noiseless motors, with safe 
operation, without monitoring and maintenance etc. 

The motors used for two-wheeler vehicles (electrical 
scooter, electrical bicycle, electrical motor-scooter) are 
permanent-magnet direct current motors manufactured 
with ”brushless” technology.  

Brushless direct current motors are used in peripheric 
equipments of computers, in potentiometers with motor 
and in devices following advance of copying machines 
[3], [6], [11-14]. There is experienced using brushless 
direct current motors rated at high power, in electrical 
cars and auto-trucks. 

At present [13], [15], [16-19], there are fabricated 
magnetic materials with special features, being possible 
to carry out brushless permanent-magnet direct current 
motors rated at low and middle powers.  

In order to simplify the scheme of the commutation 
device and to reduce its cost, an armature winding having 
a minimum number of coils is used in these motors. 

II. CONSTRUCTION AND OPERATION  
The motor construction uses permanent magnets made 

of rare earths [7], [16-19]. Good perspectives have the 
materials of type Nd-Fe-B, which have good magnetic 
features, are less breakable and have a low cost (much 
less than the magnets of type Sm-Co), but have a low 
operation temperature (80-100)oC. The temperature has 
an important effect upon the magnet characteristics, so 
upon the motor characteristics.  

High currents and high temperatures cause 
demagnetization. In case of drives using brushless direct 
current motors, demagnetization is not a problem because 
the current is permanently followed and it is limited by 
controller and measuring motor temperature is a simple 
problem.  

Brushless direct current motors are now frequently used 
for two-wheeler vehicles. They are carried out as a close 
construction IP 44, are assembled in the very wheel hub, 
have a solid construction, facing shocks, vibrations, bad 
weather. The producer pays a special attention to aspect 
and operation because the motor is integrated in the hub 
of the back wheel and the battery accumulator and the 
display have low dimensions.  

Modern computation tools have enabled the 
capitalization of complex mathematical models for 
investigating and computing the electromagnetic torque 
of such motors. 

An important aspect is the functional criterion, meaning 
to carry out the motor with certain technical characteristics 
imposed by customer, these being defined by means of the 
parameters: resistances, inductances, inertia moment, steady 
state and transient time constants etc. These parameters 
depend upon geometry, construction and electromagnetic 
stresses of the machine. In these circumstances, the theme 
we approached in this paper is a subject of interest for 
engineering. 
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III. MATHEMATICAL MODEL FOR ESTABLISHING 
DYNAMIC REGIME ELECTROMAGNETIC TORQUE 

The mathematical model carried out for  establishing  
instantaneous values of electromagnetic torque [3], [4], [6], 
[8-9] is based on relations known in literature. The study we 
have carried out and presented below has considered: 

 p                                       (1) 

 - geometrical angle corresponding to the rotor 
displacement Fig.1,  -control angle of the a-phase 
current,  -delay angle for the control of the current  Ia. 

 

 
Fig.1. Cross-section through the motor. 

There has been established the space origin in the point 
O, (  =0 –neutral axis, Fig. 1) and the lines of the 
magnetic field have been modelled as follows: the 
opposite armature has been taken as being smooth (the 
slot opening is very small) and it has been considered that 
the field lines are radial over the whole magnet width, 
while they are modelled by arcs and segments outside 
that area.  

The design data of the motor provide the magnetic 
voltage of the air-gap and its size in the magnet zone. In 
crossing points (ferromagnetic core-air) where the 
tangential component of magnetic induction preserves, 
there has been imposed the condition of continuity and 
derivability of the curve modelling the field line.  

The air space between the magnets b0mg, makes the air-
gap size variable at the armature periphery, thus 
modelling the distribution curve of the air-gap magnetic 
induction (Fig.2), with a polynom-function of the third 
degree where continuity and derivative conditions have 
been imposed.  

This way, we have modelled numerically the air-gap 
magnetic induction relatively to the rotor position: 

 )(fB                                         (2) 

and, by using this relation, there has been simulated the 
curve of air-gap magnetic induction, Fig. 2. 

The armature winding is in star connection, distributed 
in slots (on tooth). The armature winding is radial, star 
connection, distributed in two layers into slots, with the 
pitch y=1 (on tooth).  

According to literature, for having a high rotating 
torque, during the operation we will have two coils 
connected in series and the third one at rest. 
Consequently, there are rectangular alternating currents, 
the duration of a pulse is of 120 electrical degrees.  

There has been established the time origin t=0 when 
= 0 and there has obtained the numerical modelling of 

currents relatively to the rotor position and the currents 
control: 

 ),(fI,I,I cba                             (3) 

The control device models, on a polar pitch, the three 
currents of the windings relatively to  -electrical angle. 
The phase currents b and c are displaced in phase by 120 
electrical degrees. 

 

 
Fig.2. Distribution curve of air-gap magnetic induction  

on the whole machine. 
It is considered that the point O –the space origin, is on 

the axis of the first slot, taken as a reference. 
Consequently, the position of the slot Ncx is established 
by the geometrical angle as below: 

 
cx

c
Ncx N

N
360                          (4) 

There has been computed the ampere-turns 
corresponding to the conductors placed in the upper layer 
crossed by the current Ix, respectively to the conductors 
placed in the under layer where we have the current Iy for 
each slot: 

  ycxcNcx In5.0In5.0                       (5) 

where we have: nc –number of conductors/slot, Ncx –
number of slot, Ix, Iy are the currents Ia, Ib or Ic relatively 
to the slots distribution on zones and phases, carried out 
according to literature. 

There are considered the conductors and the afferent 
ampere-turns concentrated in the slot axis and at the air-
gap level: 

)N,,(f cxNcx                             (6) 

In this stage there are known the air-gap magnetic 
induction B( ), the ampere-turns of each slot Ncx( , , 
Ncx), the iron length lFe, so it is possible to compute the 
torques determined by each slot with the relation:    

FecxNcx l)N,,()(BD5.0T          (7) 

This way, we have modelled numerically the 
electromagnetic torque of a slot:  

)N,,(fT cxNcx                           (8) 

For the total torque we have: 

cN

1i
NcxTT                                  (9) 
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On the basis of the mathematical model presented, it is 
possible to carry out a computation program, where Np  –
number of points per a complete rotation and Npi –
number of points by which the control is delayed, per a 
pole pair. This way, elementary angles result: 

pp
p

pe N...,3,2,1k
N
360k              (10) 

pipi
pi

pie N...,3,2,1k
N
360k              (11) 

For values assigned to Np and Npi there are computed 
and memorized the instantaneous values and the average 
value in a complete rotation of torque given by a slot, 
respectively the total average torque. 

IV. RESULTS, SIMULATIONS AND CONCLUSIONS 
Using the mathematical model presented before and 

advanced numerical computation methods [20-24], there 
have been carried out simulations and, with the results 
obtained, there have been pointed out conclusions 
regarding electromagnetic torque of the motor. 

AAllll  tthhee  rreessuullttss  wwee  hhaavvee  oobbttaaiinneedd  aanndd  tthhee  ssiimmuullaattiioonnss  
pprreesseenntteedd  hheerree  aarree  eemmpphhaassiizzeedd  bbyy  aa  ccoonnccrreettee  eexxaammppllee  ooff  
ppeerrmmaanneenntt--mmaaggnneett  bbrruusshhlleessss  ddiirreecctt  ccuurrrreenntt  mmoottoorr..  TThhee  
mmoottoorr  iiss  rraatteedd  aass  ffoolllloowwss: PN=100 W; UN= 20 V; IN=6.0 A, 
nN= 450 r/min, and is built with 27 slots, 2p=30 magnetic 
poles of type Nd-Fe-B. 

A.1. Supply by six pulses per a pair of poles and 
direct succession  of phases 

The control device, which supply the motor, sets the 
phase current for three phases (Table I), during an 
operation period.   

TABLE I.  
The matrix of the three phase currents 

 [o] el. 
 0 60 60 120 120 180 180 240 240 300 300 360 

Ia [A] 
 IN IN 0 - IN - IN 0 

Ib [A] 
 - IN 0 IN IN 0 - IN 

Ic [A] 
 0 - IN - IN 0 IN IN 

 
For criterion “maximum electromagnetic torque” the 

optimum variant of winding has been found, where the 
distribution of slots per zones and phases is that presented 
in Table II. Because we have three overlapped stars, there 
have been presented the ampere-turns produced by 
currents which cross the conductors from the nine slots. 

TABLE II. 
Slot ampere-turns 

Slot no. 1 2 3 4 5 6 7 8 9 

Ampere-turn 
in the upper 

layer  
A - A - B B - B - C C - C - A 

Ampere-turn 
in the lower 

layer 
A - A A B - B B C - C C 

In Fig.3 there is presented the curve of the 
electromagnetic torque average value, for a complete 
rotation, for different control angles of currents. 

 

 
Fig.3. Torque average value at a complete rotation for different control 

angles of currents. 

In order to obtain a maximum torque for a complete 
rotation, the control electrical angle is =294o or the 
geometrical angle =294/15=19.6o shows where the first 
position transducer is placed on the rotor (fixed armature) 
relatively to the origin –point O, in the rotation direction. 
The next positions where the transducers are placed are at 
120o electrical degrees in the rotation direction.  

 

 
Fig.4. Torque values relatively to the number of slot. 

For the angle  -fixed and ( = 0  360o), by means of 
the program there have been computed the average value 
of the torques given by the currents which cross the 
conductors from the armature slots. The total torque of 
the motor has resulted as TN=1.52 N m, for a speed of 
nN=450 r/min, so, the useful mechanical power results as 
P2=72.2 W. 
 

 
Fig.5. Variation curve of the motor torque at a complete rotation. 

By analyzing Fig.4, we notice the slots and their 
contribution at producing the motor torque: 5, 6, 14, 15, 
23, 24 –very important slots, 1, 10, 14 –important slots, 4, 
8, 13, 22 –slots with mild torques, 3, 12, 21 –slots with 
low torques. 
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In Fig.5 we can see how the total torque of brushless 
direct current motor modifies for a complete rotation (a 
lot of peaks and variations within large limits). 

There are presented below the torque variation curves, 
for a complete rotation, at different slots, Fig. 6.  

From the analysis of these figures we notice that, at 
slots 3, 12, 21 the average value of the torque is very low 
and the torque  has large positive and negative 
oscillations and slots 5, 6, 14, 15, 23, 24 provide high 
torques. 

Periodical oscillations of torque are a major cause of 
vibrations, which in some cases can produce the 
mechanical resonance of the system.  

 

 
a) 

 
b) 

Fig.6. Variation curves of torques for a complete rotation: a) provided 
by the currents which cross the conductors from the slot 5; b) for the 

slot 3. 

A.2. Supply by six pulses per a pair of poles and 
reverse succession of phases 

In the matrix of the three phase currents from table no. 
1, the phases b and c are reversed during a period.     

The curve of the average value of the electromagnetic 
torque for a complete rotation, for different control angles 
of currents is presented in Fig.7. 

 

 
Fig.7. Values of torques relatively to the slot number. 

For the electrical angle =10 and ( = 0  360o), by 
means of the program, there have been computed the 
average values of the torques provided by the currents 
which cross the conductors from the armature slots.  

The total torque of the motor has resulted as TN=0.755 
N m, at a speed of nN=450 r/min, so the useful power is 
P2=35.3 W. 

 

 
Fig.8. Variation curve of the motor torque for a complete rotation. 

 
Fig.9. Variation curve of torque for the slot 3 for a complete rotation. 

 
Fig.10.Variation curve of torque in a complete rotation for the slot no. 4. 

The most important slots are multiple of three, with an 
average torque of Tcr3=0.084 N m, and the representative 
torque is presented in Fig.9. The slot no. 4 causes a 
torque having very high oscillations (positive and 
negative), Fig.10, the average value being Tcr4=0.012 
N m. 

B.1. Supply by three pulses per a pair of poles and 
normal succession of phases 

The values of the three phase currents during a period 
are given by a three-pulse control device.  The program 
of numerical computation enables this analysis which, on 
the basis of the simulations we carried out and the results 
we obtained, shows how many drawbacks this supply 
variant has. The matrix of the three phase currents   (table 
no. 3), during a period is given by a three pulses control 
device.     
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TABLE III. 
The matrix of the three phase currents 

 [o] el. 0 60 60 120 120 180 180 240 240 300 300 360 
Ia [A] IN IN 0 0 - IN - IN 
Ib [A] - IN - IN IN IN 0 0 
Ic [A] 0 0 - IN - IN IN IN 

 

 
Fig.11. Average value of torque at a complete rotation for different 

control angles of currents. 

For different control angles of currents there is 
obtained the curve of the electromagnetic torque for a 
complete rotation, Fig.11. There results two maximum 
torques, a positive one for =330 electrical degrees and a 
negative one for =150 electrical degrees. 

Corresponding to the control angle =330o and = 0  
360o, there have been established the torques provided by 
the currents which cross the conductors from the 
armature slots.  

The total torque of the motor has resulted as TN=1.314 
N m, for a speed of nN=450 r/min, so we have a useful 
power of P2=61.9 W. 

 

 
Fig.12. Torque values relatively to the slot number. 

 
Fig.13. Variation curve of the motor torque for a complete rotation. 

In Fig. 12 there can be seen the curve of the total 
torque, for a complete rotation (a lot of peaks and 
variations within large limits). 

B.2. Supply by three pulses on a pair of poles and 
reverse succession of phases  

There are preserved three pulses on a period but there 
are interchanged the phases b and c. There is simulated 
the curve of the electromagnetic torque for different 
control angles of currents.  

There result two maximum torques, a positive one for 
=30 electrical degrees and a negative one for =210o 

electrical degrees. For the control angle =30o and = 0  
360o, there have been computed the torques provided by 
the currents which cross the conductors from the 
armature slots, Fig.14.  

There resulted a total average torque of TN=0.657 N m, 
for a speed of nN=450 r/min, so we have a useful power 
of P2=30.96 W. 

 

 
Fig.14. Torque values relatively to the slot number. 

 
Fig.15. Variation curve of total torque in a complete rotation. 

In this case, Fig.15, the torque has very high 
oscillations (positive and negative) and the average value 
is lower TN=0.657 N m. 

The most important results of the study we have 
carried out are filled in table no. 4, where: Tmed –average 
value of the torque for a complete rotation, Tcr.max, Tcr.min 
–minimum/maximum value of the slot torque, Ncrt with 
T>0/<0 –number of slots which provide positive/negative 
torque. 

Table IV. 
Couples notches created by the rotor 

 Supply by six pulses per 
period 

Supply by three pulses per 
period 

 Succession  
a, b, c 

Succession  
a, c, b 

Succession  
a, b, c 

Succession 
a, c, b 

Tmed [Nm] 1.52 0.755 1.314 0.657 
Tcr.max [Nm] 0.084 0.092 0.076 0.075 
Tcr.min [Nm] 0.021 0.007 0.026 0.063 

Nrcrt. cu T>0 27 21 27 15 
Nrcrt. cu T<0 0 6 0 6 
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V. CONCLUSIONS 
A constant wave of torque is important, especially in 

servo-drives, where a high precision, a control of speed 
and rotor position are required. For instance, in tool-
machines, finishing the processed piece is negatively 
affected by torque oscillations of driving motor. 
Periodical torque oscillations or ripple are, in a lot of 
situations, the cause of vibrations which are annoying 
when mechanical resonance occurs in equipment 
structure. 

The study we have carried out and the results presented 
in table no.4 recommend the supply by six pulses and direct 
succession of phases, because there results the highest 
torque for a complete rotation, all the slots are active and 
provide positive torques, so the oscillations are lower.  

We can notice that in all these cases we have some very 
active slots (Tcr=0.084 N m) and some almost inactive slots 
(Tcr=0.021 N m). The most unfavourable variant is the 
supply by three pulses and reverse succession of phases, 
when the torque gets high oscillations and decreases to 
56.7% over the torque corresponding to the optimum 
variant. 

An almost constant torque cannot be obtained for 
brushless direct current motor, but we can draw near this 
requirement. The inertia moment of the rotor and the high 
speed decrease the speed oscillations caused by torque 
oscillations. A performing control system, with a reaction 
loop by speed, can reduce considerably the torque 
oscillations for low speed, too, if the amplification and 
the bandwidth are high enough.  
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