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Abstract - This paper focuses on the frequency splitting and
bifurcation phenomena that appear in the wireless power
transfer systems. These two phenomena are analyzed for
different possible configurations of the magnetically coupled
circuits of the system, through electric circuit methods and
mathematical calculus. Considering two printed spiral coils
with similar geometrical properties, the study started with a
calculus of the splitting frequency. It was made for the
series-series connection, but also for series-parallel, parallel-
series and parallel-parallel connections. The graphical
representations of the load voltage as function of the
frequency revealed that this phenomenon is visible only for
the series-series and series-parallel connections; even if one
or two peaks appear in all cases they are not directly
connected to the frequency splitting phenomena,
respectively to the spitting factor. The bifurcation
phenomenon is analyzed starting from the bifurcation
equation defined for the input admittance of the wireless
power transfer system. The four types of configurations are
analyzed from the graphical representations of the
imaginary part of the admittance as function of the
frequency. Because an important factor in the frequency
splitting and bifurcation phenomena appearance is the ratio
between the input resistance and the load resistance, in the
last part of the paper the splitting coupling factor as
function of the input resistance - load resistance ratio is
depicted. The paper brings new contributions in the field
through a comparative study on the frequency splitting and
bifurcation phenomena for all the four types of
configuration of the wireless power transfer systems.
Through mathematical calculations, formulas for estimating
the frequency (angular frequency) of occurrence of each
phenomenon are obtained. The results are validated by
comparative simulations related to a system of identical
spiral coupled coils. The results of the analysis were
commented comparatively and some conclusions could be
drawn.

Keywords: inductive power transmission, circuit analysis,
equivalent circuits, splitting and bifurcation phenomena.

1. INTRODUCTION

Frequency splitting and bifurcation phenomena were
often mentioned in the context of the studies, analyzes and
applied researches that had as subject the wireless power
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transfer (WPT) systems [1-19]. Many researchers have
approached tangentially or deeply this topic, trying to
explain the theoretical and practical consequences of the
occurrence of these phenomena, with their advantages and
disadvantages. The researches have focused mostly on the
series-series connection, but lately other types of
connections were analyzed, too in order to identify the
best option.

It is already known now that the frequency splitting
phenomenon appears at the magnetically coupled circuits
when the coupling factor exceeds a certain critical value
called the splitting factor. It is characterized by the fact
that in the curves of some output quantities (load voltage,
active power load, etc.) represented as functions of the
frequency there is not a single point of maximum (peak),
but two. In most of the cases they have different values
(the first peak is higher than the second one). The regions
of the curve bounded by the two peaks are called in
literature [2, 3, 12, 18]: the low frequency region, the
stagger tuning region and the region of high frequencies.
The part of the curve situated between the two peaks (the
stagger tuning region) proved to be useful to maintain
constantly the voltage transfer factor in the applications
characterized by variable load or by inconstant distance
between the coils [19]. The high frequency region is
preferred for the output voltage controlling [2, 5, 13]. The
WPT system behavior under the frequency splitting
phenomenon should be well known in order to ensure an
optimum power transfer from the source circuit to the
receiver circuit. Thus it was observed that the energy
transfer is much more efficient if the two circuits operate
at the same frequency (resonant circuits) [7 -9, 11].

If the frequency splitting phenomenon characterizes the
output quantities of the WPT system, the frequency
bifurcation phenomenon is related to the input quantities
of the system (either input impedance or input
admittance). Each bifurcation angular frequency is an
operating mode of the system. These modes could be
stable or unstable. Each operating mode has its own
transfer characteristics [18].

This paper has proposed to explore new aspects
concerning these two phenomena that may occur in the
WPT systems. For the frequency splitting phenomenon
the attention was concentrated on finding the splitting
frequencies / angular frequencies through a mathematical
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calculus. The finding of the extreme points was not made
for the load active power - frequency curve as in other
previous papers [18], but for another output quantity, i.e.
output voltage (load voltage). As for the frequency
bifurcation phenomenon, the analysis was centered on the
variation with the frequency of the imaginary part of the
input admittance, and not of the input impedance as it is
treated generally in the literature. The analyses were made
for all the possible configurations of the WPT system:
series-series, series-parallel, parallel-series, and parallel-
parallel. Finally the paper presents some aspects regarding
the variation of the splitting coupling factor as function of
the ratio between the load resistance and the input
resistance. The comparative graphical representations
made in each case have revealed the different behavior of
the system for different configurations and for various
values of the coupling factor. Some important conclusions
were drawn in the end of the work.

II. SYSTEM PARAMETERS

The system used for the analysis consists of two
identical printed spiral coils having the inner radius »; =
3.3 mm, the coil width / = 22.8 mm, the distance between
two consecutive turns (the pitch) p = 1.2 mm, the copper
section area s = 1.2x0.8 = 0.96 mm2, the coil mean radius
7 = 1; +1/2 = 14.4 mm and the number of turns N = 10
(Fig. 2) [18]. A part of its electrical parameters could be
determined on the basis of some approximate formulas
[20]. However, in order to estimate as accurately as
possible all the parameters of interest we preferred to
make a numerical calculation using the program ANSOFT
EXTRACTOR Q3D [21]. Choosing a distance between
coils d = 50 mm and the frequency f = 5 MHz we
obtained: C; = 1.1785 nF; C, = 1.18 nF; L; = 2.3172 uH;
L, =2.3098 uH; M =0.8775 pH; Rs=R;; =0.5971 Q and
Rs = R, = 057186 Q. These parameters allowed
obtaining the equivalent circuit of the system in the
parallel-series (ps) configuration (Fig. 1). On its base the
other connection types of the equivalent diagram can be
obtained relatively easily: series-series (ss), series-parallel
(sp) and parallel-parallel (pp). The source has the rms
value £; = 15 V and the internal resistance R;= R;= 1.5 Q,
and the load has the resistance Ry = R; = 30 Q (a resistive
load).
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Fig. 1. The equivalent circuit of a WPT system - configuration ps.
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Fig. 2. Printed coils.

III. THE ANALYSIS OF THE FREQUENCY SPLITTING
PHENOMENON

The frequency splitting phenomenon is related to the
appearance of two peaks instead of one in the dependence
curve of an output quantity (active power load, load
voltage, the absolute value of the voltage transfer factor,
etc.) on the frequency, when the coupling factor & exceeds
a certain critical value called frequency splitting coupling
factor, k. Therefore ki, is the maximum value of the
coupling factor up to which the frequency splitting
phenomenon does not appear [18]. Sometimes the two
peaks have almost the same value, but there are cases
when the first peak has a value higher than the second
one. In the coupled modes theory the frequency
corresponding to the first peak is called the odd splitting
frequency and the frequency corresponding to the second
maximum value is called the even splitting frequency [2,
13, 18].

As output quantity in the study of the frequency
splitting phenomenon we considered further the load
voltage U;. The condition for finding the extreme points
of the load voltage - frequency (angular frequency) curve
is

ou,
0w

=0

(D

named the splitting equation [2, 13].

The points of maximum will correspond to some roots
of this equation.

Obviously the equation (1), where the unknown is the
angular frequency o, has its coefficients dependent on the
circuit parameters (i.e. capacitances, inductances and
resistances, as in Fig. 1) and also on the coupling factor .

As a remark we could notice that its free term has
always a negative value. Also, the final structure of (1)

allows the replacement of the term «® with y. Because
the load voltage - angular frequency curve must have a
single peak, the equation (1) must have only one real root.

Equation (1) takes different forms depending on the
connection type considered, as it will be seen below.

A. Series-Series Connection
The equation (1) becomes a 4th degree equation in y
(y =) in the form [18]

ay* +by” +cy+d =0, )

where a, b, ¢ and d depend on the electrical parameters of
the circuit, and d <0.

Because only one maximum is wanted, the equation (2)
must have three equal real roots: y; =y, =y;=y, [4, 18].
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Thus, using the Vieta's formulas [22], we obtained the
system:

=3y,

3y, +y,=0=>y,
3y.(y. +y,)=b/a

yez(ye+3y4)=—c/a ®)
ye3J’4 =d/a
from which we obtained
y,=—£ and 3(3—CJ4+£=0. 4)
¢ 4b 4b a
In order to obtain the coupling factor £k, that

determines a single peak for the load voltage U; curve,
from (4) we obtained the solution:

O o = H‘Z : )
that depends on the coefficients of the equation (2).
B.  Parallel - Series Connection
In this case the general equation (1) takes the form
ay* +by’ +cy+d =0, (6)

with d <0.
A condition similar to the previous one is put also in
this case (three real roots equal to y,), to obtain a single

maximum. Vieta's relations [18, 22] lead now to the
conditions:

__b
e 2a’

b +4a’c=0 and b* +16a’d =0. (7)

From (7) we searched for a solution in order to find a
minimum value of the coupling factor k,; that ensure a
single maximum for the load voltage U, curve.

By replacing the coefficients in the last two relations (7)
by their expressions (functions of electric parameters and

coupling factor k=M /,/L,-L, ) two equations in k are

obtained. The common solution of these two equations
that determines a minimum coupling factor has the
expression [18]

b

2 ®)

O‘)splitips = ‘

C. Series - Parallel Connection

This case offers, from (1), an equation similar to (6),
obviously with different expressions for its coefficients a,
b, ¢ and d. So the solution (8) is valid also for this
connection.

D. Parallel - Parallel Connection

The equation (1) becomes in this case a 4th degree
equation in y in the form [18]

ay* +by’ +ov* +d =0, Q)
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where d <0.

Similarly the condition of having three equal positive
real roots together with the Vieta's formulas [18, 22] lead
to the relations

3b

__5

- 9> —32ac=0 and 27b* +8*a’d =0 (10)
a

e

So the common solution of the last two equations (10)
that determines a minimum coupling factor has the
expression

3b

wsp/ilﬁpp = ‘_ Ra

. (11)

As a general remark we could found that formally the
equations obtained for each case and thus their solutions
are similar to those in [18] where the analysis was done
for the output quantity P, (load active power). Of course,
the equation coefficients have completely different
expressions here, but they depend also on the electrical
parameters of the circuits and on the coupling factor.

E.  Comparative Results

The four types of connection of the WPT system were
analyzed further in a comparative manner. The system to
be analyzed has the geometrical and electrical parameters
presented in section II. For this system the following
parameters were also calculated: the resonance angular

2
\/(Cl + CZ XLI + LZ )
the resonance frequency fy = 3.0486 MHz, and the
coupling factor corresponding to the normal operation of
the system k, = M / /L, -L, =0.3793.

With these values of the parameters the variation curves
of the load voltage U, as function of the frequency, for
different values of the coupling factor k, were depicted.
Thus Fig. 3 presents the load voltage variations as
function of the frequency for the four types of connection:

* ss connection and six values of the coupling factor: k;
0.1, k. 1/J0,-0, = 0.181 (where QO
=(030 'Ll)/(Ru +Rl.) and O, =(o)0 ~L2)/(RL2 +RL) are
the quality factors of the two inductively coupled circuits),
ky, = 0.3793, kg = 0.5035, k= 0.6 and k3 = 0.8 (Fig. 3
(a));

* sp connection and seven values of the coupling factor:
k. 1/40, -0, 0.024724  (where (O
((»0 L, )/(Ru +Rl.) and O, :(mo -Lz)/RL2 are the quality
factors of the circuits), k; = 0.15, &k, = 0.3793, k, = 0.45,
k= 0.6201, k3 = 0.8 and k4 = 0.9 (Fig. 3 (b));

» ps connection and seven values of the coupling
factor: k. = 1/,0,-0, = 0.09647 (where Q,
(w,-L,)/R,and Q, =(w,-L,)/(R,+R,) are the
quality factors of the circuits), k& = 0.15, k, = 0.25, k, =
0.3793, k3 =0.6, ky = 0.75 and k5 = 0.9 (Fig.3 (¢)), and

* pp connection and seven values of the coupling
k. 1/{0,-0, = 0.0132 (where Q,
=((00 L, )/Ru and O, =(0)0 ~L2)/RL2 are the quality

frequency ®, = =1.9145-10" rad/s;

factor:
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Fig. 3. Load voltage U, variations as function of the frequency f": (a) ss connection; (b) sp connection; (c) ps connection; (d) pp connection.

factors of the circuits), k1 = 0.05, k» = 0.1, k, = 0.3793, k;
= 0.6, ky = 0.8 and k,;,= 0.9087 (Fig.3 (d)).

The curves shapes analysis has shown that the
frequency splitting phenomenon is visible for the ss and sp
connections (Figs.3 (a) and (b)). In these cases for the
values of k > ki, the load voltage - frequency curves have
two peaks. When k = k,;;, the three extreme frequencies
are equal and only one peak is obtained. For k< k,; the
load voltage - frequency curves have a single maximum
point. In fact k < kg, corresponds to the so-called
frequency splitting - free region [18]. For the ps and pp
connections (Figs. 3 (c¢) and (d)) the frequency splitting
phenomenon is not noticeable on the Uy — f'curves. At the
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ps connection only one peak is obtained for every value of
the coupling factor. As for the pp connection a change in
the shape of the curve is remarked, but it is not directly
connected to the value of the kg, (the curve shape is
changed even for values of k lower than k,,;). However
the frequency splitting phenomenon exists also at the ps
and pp connections and it could be seen in the curves of
the power transfer efficiency m,; as function of the
frequency [2—4, 17, 18].

In Figs. 4 (a), (b), (c) and (d) the 3D variations of the
load voltage U, versus frequency f and magnetic coupling
factor k - corresponding to the four connections of the
magnetically coupled coils system - are presented.
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Fig. 4. 3D load voltage U, variations as function of the frequency fand of the magnetic coupling factor £ : (a) ss connection; (b) sp connection;
(c) ps connection; (d) pp connection.

They concentrate the results arising from the analysis of
the comparative curves in Fig. 3.

IV. THE ANALYSIS OF THE FREQUENCY BIFURCATION
PHENOMENON

The bifurcation phenomenon is related to the input
characteristics of the wireless power transfer systems.
Usually the input impedance is used as reference
parameter [3, 17, 18], but also the input admittance could
be considered.
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Starting from the bifurcation equation defined in the
literature [1-18] and using as input parameter the
admittance, the bifurcation equation is in this case:

(12)

where Y, is the input complex admittance of the WPT

Im(Y,,)=0,

system. By making the substitution ®* =x in (12), a 3rd
degree equation in x is obtained, of form:

a,x> +a,x* +a,x+a, =0, (13)
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where a3, ay, a; and a, are the coefficients of the equation.
They depend on the values of the parameters of the two
resonant circuits.

It can be demonstrated that the bifurcation equation
(12) can be brought to a form (13) for each of the four
types of possible connections of the two circuits [4, 17,
18].

In order to obtained the value of the coupling factor k&
when the bifurcation phenomenon starts we put the
condition that all the (three) roots must be equal and real,
according to Vieta’s formula [2, 4, 1618, 22]. Thus the
following relations must be accomplished:

2
A T T R
3a, a,
3
b % (14)
3a, a,

O L
3

It can be noticed that these formula are similar to those
obtained starting from the bifurcation equation in the
complex impedance [18].

The literature offers an analytical approximate solution

for the equations (14), obtained for the ss connection [2, 4,
16— 18]:

kye =(1/0,)- J1-1/(402) , (15)
where Q. =40,:0,, O =(0)0L1)/(RL] +1§.), and

o, :(coOLz)/(RL2 +RL). kyy is named the coupling
coefficient of the bifurcation. Also a factor k., =1/0.

could be defined. Equivalent formulae could be obtained
also for the other three types of connection.

The curves of the imaginary part of the input
admittance Y, as function of the frequency f for the

system of two magnetically coupled circuits having the
parameters presented in section II are represented in Fig.
5, for the four types of connection:

* ss connection and six values of the coupling factor, k;
=0.1, k. = 0.181, k, = 0.3793, kyy;;= 0.5035, k= 0.64045
and &;= 0.8 (Fig. 5 (a));

* sp connection and eight values of the coupling factor:
k.= 0.024724, k; = 0.15, k, = 0.3793, k3 = 0.45, kg =
0.6201, kpyi = 0.62013, kyyp = 0.794 and ky = 0.9 (Fig.5
(®));

* ps connection and seven values of the coupling factor:
k.=10.09647, k; = 0.15, ky = 0.25, k,= 0.3793, k3 = 0.6, ky
=0.75 and k= 0.95125 (Fig.5 (¢)), and

* pp connection and seven values of the coupling factor
k.=0.0132, k; = 0.05, k&, = 0.1, k,, = 0.3793, k3 = 0.6, k=
0.797 and kg,;= 0.9087 (Fig.4 (d)).

The variation range of the frequency for k > k;;is called
the bifurcation region, while the variation range when
k <kp; is called the bifurcation - free region. In the

bifurcation region the bifurcation equation have two
positive real roots: the bigger one is called the big
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bifurcation angular frequency and the smaller one is
named the small bifurcation angular frequency [18].

By analyzing the curves of the input admittance as
function of the frequency from Figs. 5 (a) - (d) a different
behavior is remarked for the four types of connection. The
ss connection presents a strong reduction of the negative
peak for the coupling factors bigger than k, (in the
bifurcation region). At the sp connection, if & > ks a
displacement of the zero crossing point of the curve is
noticed, from the resonance frequency f, = 3.0486 MHz
towards frequencies even three times bigger (if & is about
0.9). In the ps connection no difference is remarked at the
coupling factor variation, so the bifurcation phenomenon
is not visible for this type of graphical representation. This
phenomenon is again highlighted at the pp connection,
when for the coupling factors higher than k;; two extreme
points appear.

It should be noted that the studies in the domain of
frequency splitting and bifurcation phenomena have
shown that a special influence on these phenomena has the
ratio between the input resistance R; and the load
resistance R; and also the ratio between the transmitter
inductance L, and the receiver inductance L, [18]. This is
why Figs. 6 (a) and (b) present the variation of the
splitting coupling factor kg, as function of the ratio
o=R; /R;, for two of the four possible connections of

the magnetically coupled circuits: ss connection and sp
connection.

Fig. 6 (a) shows that at the ss connection by varying the
ratio ao=R; /R, between 0 and 40 - all the other

parameters of the two resonators remaining constant - the
splitting coupling factor k,; increases continuously
between 0.04 and 1.0. Fig. 6 (b) highlights that by
changing the ratio a between 0 and 100, at the sp
connection, the other parameters remaining the same, the
splitting coupling factor decreases from 1.0 to 0.06. These
variations of the splitting factor confirm once again that at
the connections ss and sp the frequency splitting
phenomenon is present. Not the same thing can be said on
the other two connections, ps and pp. The curves of a (not
represented here) presented only very small variations of
the kg, fact that confirms the nonappearance of a clear
splitting phenomenon at these connections.

V. CONCLUSION

This work brings new aspects on the frequency splitting
and bifurcation phenomena, that are present in the
wireless power transfer systems. The all four types of
connection were analyzed for the system of two
magnetically coupled circuits: series-series, series-parallel,
parallel-series and parallel-parallel.

The frequency splitting phenomenon focused on the
load voltage — frequency characteristic, using thus another
output quantity that the usual one (the load active power).
The calculus made using the electric circuit theory and
algebraic equations is finalized with some useful formulae
that permit the calculation of the splitting frequencies for
each of the four connection types. These relations,
compared with those obtained for the load active power,
revealed some important similarities.

The study of the frequency bifurcation phenomenon
was made for the input admittance, and not for the
impedance; similarities were found here, too.
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Fig. 6. Coupling coefficient k variations as function of the ratio a =R,/ R; : (a) ss connection; (b) sp connection.
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For each phenomenon the results included also
graphical representations, very suggestive, presented
comparatively for different values of the coupling factor
and for the four alternatives of connection of the circuits.
The paper provides also some clues on how it could be
estimated, with a rather good accuracy, the limit value of
the coupling factor that decides the appearance or the non-
appearance of any of the two phenomena. The study on
the variation of the splitting coupling factor as function of
the load resistance - input resistance ratio ends this work.

The studies presented in this work completes the
previous made and published analyzes in the domain of
wireless power transfer systems, bringing new and useful
information for the researchers and the designers of such
systems.
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